SO GIAO DYC VA PAO TAO KY THI CHQN POI TUYEN DY THI CHON
THANH PHO DA NANG HOQC SINH GIOI QUOC GIA THPT
NAM HQC 2026 - 2027

DIt CHINH THU'C Mén: TOAN

Thoi gian: 180 phit (khdng ké thoi gian giao dé)
Ngay thi thir nhit: 23/9/2026

Dé thi gém c6 01 trang, 04 cdu

Ciu 1 (5,0 diém)
Cho day sé thye dwong (a,) théa man didu kién a, (a,f,rl - 1) =a,, (a,f + l),Vn eN'.

a) Chimg minh lima, =+o.

, . 1 [&1
b) Tinh lim—| » —|.
Jn ('Z—I: a )
Cau 2 (5,0 diém)
Xétham sd f: N* > N* théa man ddng thoi céc didu kién sau véi moi sé nguyén dwong m,n,a:
@ 1 (S (m) f (n))=mn;
(i) f(2027a+ 1)=2027a+1.

a) Tinh £ (1).
b) Tim tit cd hdm s§ f théa man diéu kién bai toan.
(Cho biét 2027 13 mét s6 nguyén t)
Ciu 3 (5,0 di¢m)
Xét phuong trinh

¢(¢(n)+k)=n-—k v6i n, k nguyén duong.

a) Chimg minh véi m8i sb nguyén duong & cd dinh, chi c6 hiru han sé » 14 hop sé thoa méan
phuong trinh.

b) Tim tét ca céc sb nguyén duong k sao cho phwong trinh c6 v4 sé nghiém nguyén dwong n.

(V6i m nguyén duong, ky hiéu ¢(m) la s c4c s6 nguyén duong khéng vugt qué m va nguyén
t6 cung nhau véi m)
Ciu 4 (5,0 diém)

Cho tam gidc ABC nhon, khéng cin (4B < AC) ndi tiép dudng tron (O). Dyng hai dudng kinh
AA', BB' cia dudmg tron (O)va didm D sao cho 4'CB'D 14 hinh binh hanh. Goi M 14 trung diém
ctia canh BC, E la giao diém ciia BD va AC, F lagiao diém ciia CD va AB. Goi H,,H, lan lugtla
truc tam ciia hai tam gidc BEC va BFC.

a) Chimg minh hai tam gidc ABC va MH,H, c6 cing tryc tam.

b) Pudng thing BC cét hai duong thing 4'D, H,H, l4n luettai K,T. Goi S,G,! lan luet 13 giao
diém ctia céc c3p dudmg thing (MH,,KH,), (KH,,MH,) va (SG,H,H,). Goi X la hinh chiéu vudng géc
ciia G 1én ST. Chimg minh bén diém S,X,7 va trung diém cua doan thing H,H, cing nim trén mjt
dudmg tron.

Thi sinh KHONG duge sit dung tai ligu va mdy tinh cam tay.
Gidm thj coi thi KHONG gidi thich gi thém.
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SO GIAO DYC VA PAO TAO KY THI CHQN BQ1 TUYEN DU THI CHQN
THANH PHO PA NANG HQC SINH G101 QUOC GIA THPT
NAM HQC 2026 - 2027

PE CHINH THUC Mon: TOAN

Thosi gian: 180 phut (khdng ké thot gian giao dé)
Ngay thi thir hai: 24/9/2026

Dé thi gém 6 01 trang, 03 cdu

Cau 5 (6,0 diém)

Cho dudng tron (0) b dinh va didm 7 cb dinh niim trong dudng trdn d6 (7 khic O).
Mot dudng thing d thay ddi di qua / nhung khong qua O va ciit (O) tai 4, B sao cho J
khong tring véi trung diém H ciia doan thing AB. Céc tiép tuyén tai O cia dudmg tron
(O4H) va dudmg trdn (OBH) ciit dudng trung tryc ciia dogn thing Of l4n lugt tai O, va

0,. Pudng trdn (0,;0,0) cit dudng trdn (O4H) tai C (khéc O) va dudng tron (0;30,0)
céit dudmg tron (OBH )tai D (khdc 0). Chimg minh dudng trdn (OCD) di qua mét diém cé
dinh khdc O khi d thay ddi nhung luén di qua /.

Céu 6 (7,0 diém)

Goi 4 latap hgp gbm 2026 s6 nguyén duong diu tién. Néu hodn vj (a,,a,,.., @5 ) cila
céc phin tir thuge 4 théa mén @, >a,, véi i e {1;2;--;2025} thi a, dugc goi I3 diém gidm
cia hodn vij d6.

a) C6 bao nhiéu hodn v (d;,a;,..,axy) cla cic phin tir thudc A théa man ddng thoi
cdc diéu kién sau:

(i) (,@yss G5 ) €6 duy nhét mt diém giam 1 q, = 2026;

(ii) Piém giam g, chia hoan vj thanh hai phin g,,a,,...,a,_; V& @,,1,8;,35+ Qzens,, LrONg

d6 tap hop X ={a,, 3+ a5} chira it nhdt mot s6 chéin va it nhét mot s6 18?

b) C6 bao nhiéu hoan vi (,,a,,..,8) clia cdc phin tir thugc A c6 duy nhit mét diém
giam?
Ciu 7 (7,0 diém)

Cho ¢;,¢,,-..,¢, 12 chic s8 nguyén duong va P(x) la da thirc khéc hing c6 hé s6 nguyén.

a) Chimg minh t3p hop céc s6 nguyen t6 1a wéc cha ft nhit mot gia tri cia da thic P(x)
tai cdc s nguyén 12 mét tip hop v6 han.

b) Chimg minh tdn tai mot tdp hop vo han S gbm cdc sb nguyén t6 sao cho véi moi p
thuc S, s8 ¢ +¢f +-+-+c] +P(n) chia hétcho p v6i vd sb s6 nguyén duong .

Thi sinh KHONG dugc sit dung tai liéu va mdy tinh cam tay.
Gidm th coi thi KHONG gidi thich gi thém.
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Chuong

CHON DTQG DA NANG 2026 — NGAY 1

C )

(" Baitodn 0.1. ) (Lim Olympic - D& Né&ng TT - P1)
Cho day s6 thuc dwong (ay,) théa man didu kien a, (a2, — 1) = ay41(a? + 1), Vn € N*.

(1: Chitng minh lim a, = +o0.
= n—oo

. 1 B 1
(2) Tinh lim — = 1
&) 1 g 1_)11010 Jh <§ ai)

\. v

(£ Lai giai.
——— 1 I
Vi ay,, an+1 > 0, chia hai vé cho a,a,4+1 ta duge anq1 — = a, + —. nén
Ap41 Qnp
1 1
an+l —ap = — +
an An+1

(D Dé ¥ (ay) tang, gia sit (a,) bi chin trén, khi d6 ton tai L > 0 sao cho a, — L.

Khi d6 vé trai tién t6i 0, con vé phai tién t6i 2/L > 0, mau thudn nén suy ra lim a, = +oo.
n—oo

s , 2
(2) Do any1 > an,tacé 0 < apy1 —ap < —, suy ra
< iy

a a —a 2

——% 0
@ O az
, Gn+1 o y: 2
Do d6 =L — 1, mit khac ta c6
Qp
1 1 Anp+1 a
6% —f = {apsi+ ) | — = =8y TR B g
n+1 n =t
Qn an+1 an an+1

9 n
1

Do dé6 theo Stolz-Cesaro thi 9n 5 4nen 22 0, Byt S, = E — thi

n n ;

v = W

e N e et P08 P W, O
Vi—vn—-1 an T gy n ’

) S T s 1l
Vi thé lai theo Stolz-Cesaro ta ¢6 duge lim — =1 hay lim — Z —=1.
Vn = a;

n—oo 1/MN n—o0

[s )

( Baitoan 0.2. J (Lim Olympic - Da Néng TST - P2)
Xét ham s6 f : N* — N* thda man dong thai cac diéu kién sau véi moi sé6 nguyén duong m,n, a:
& f(f(m)f(n)) = mn;
& f(2027a+ 1) = 2027a + 1.
(1) Tmh £(1).

(o) My BB Koo % 2 - <2 s s 2
(2) Tim tat cd ham so f théa man dieu kién bai toan.

@ Lai giai.

€3 CLB Toén Lim - OLYMPIC - @ 0789102019 Trang 1
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(1) Chon =1 thi f(f(m)f(1)) =m, suy ra f la song anh.
Ta c6 f(2028) = 2028. Thay m = 1, n = 2028 ta dugc
F(£(1)£(2028)) = 2028 = £(2028).
Do f don anh nén f(1)-2028 = 2028 hay f(1) = 1.
(2) Tt f(1) =1 ta c6 f(f(m)) = m véi moi m € N*, do d6
fmn) = f(f(f(m)f(n)) = f(m)f(n),  VmneN
Gio ta sé chiing minh f(p) = p v6i moi s6 nguyén to p.
Trude hét, néu p 1a s6 nguyen t6 thi f(p) ciing 1a s6 nguyén t6, vi néu f(p) = uv véi u,v > 1 thi
p=f(f(p)) = f(uv) = f(u)f(v).
Dé y véi u > 1 thi f(u) > 1 do tinh song anh, tit d6 ¢6 mau thuin nén f(p) la s6 nguyeén to.
Bay gio lay s6 nguyén t6 ¢ # 2027. Vi (¢,2027) = 1, ton tai b € {1,2,...,2026} sao cho
gb=1 (mod 2027).
Viét gb = 2027c+ 1. Ta c6é ¢ > 1. Xét
X =qb=2027c+1, Y =q(b+2027) =2027(c+q) + L.
Ta co f(X) =X, f(Y) =Y va f(q) chia hét cho cA X va Y, do d6
f(q) | ged(No, N1) = qged(b, b+ 2027) = qged(b, 2027) = q.
Vi f(q) 1a s6 nguyeén t6, suy ra f(q) = q.
Dat r = f(2027) thi 7 14 s6 nguyén to.
Néu r # 2027, ta c6 r = f(r) = f(£(2027)) = 2027, mau thuin. Vay f£(2027) = 2027.

Do dé f(p) = p v6i moi s6 nguyén t6 p, két hgp véi tinh nhan tinh ta ¢6 f(n) = n véi moi n € N*.

{
( Baitoan 0.3. ) (Lim Olympic - D& Né&ng TsT - P3)
Xét phuong trinh ¢(¢(n) + k) = n — k v6i n, k nguyén duong.

‘] Chitng minh véi méi s6 nguyén duong k ¢6 dinh, chi ¢6 hitu han s6 n 14 hgp s6 théa man
phuong trinh.

‘2/‘ Tim tat ci cac s6 nguyén duong k sao cho phuong trinh ¢6 vo s6 nghiém nguyén duong n.

(&' Loi giai.
Trude hét ta c6 bé dé quen thudc sau:
BS @& 0.1.
V6i N 13 hgp sb thi (N) < N — VN.
Chitng minh. That vay, goi p 14 wéc nguyen t6 nhé nhéat ctia N. Khi d6 p < V/N.

Trong céac s6 1,2,..., N ¢6 ding N/p boi ciia p, va ching khong nguyén té ciing nhau véi N. Vi thé

N—cp(N)z-gz\/N

:j' Gia stt n théa man p(p(n) + k) =n—k. Tacé n >k va p(n) + k > 2 nén
n—k=g(p(n)+k) <o) +k-1

Trang 2 £l LIM Olympic - CLB 6n chuyén, HSG
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Chuong 1. Chon DTQG Da Ning 2026 — Ngay 1

Vi vay n — ¢(n) < 2k — 1. Néu n 1a hgp s6 thi vn <n— p(n) <2k —1nén n < (2k —\1‘)6.

LIM EDU

Tit d6 ¢6 hitu han hop sd n thod man yéu cau dé bai

(2) Gia sit véi k nao d6, phuong trinh ¢6 vo s6 nghiem nguyén duong n. D& ¥ chi ¢6 hitu han hgp s6
nén phai ¢6 vo s6 nghiém n 1a s6 nguyén t6, thi p(n) =n — 1 nén

en+k—-1)=n—k.
Dat M =n+k—1thi M — (M) =2k—1. Néu M la hgp s6 thi VM < 2k — 1 nén chi ¢6 hitu han
gia tri hop s6 M. Do c6 vo s6 gia tri M nén phai c6 it nhat 1 gia tri M la sd nguyén t6 va khi dé
M— (M) =1

Do d6 2k —1 =1 nén k = 1. Ngudc lai véi k = 1 thi moi sd nguyén td n thod man yéu cau nén gia
tri duy nhat thod man la k = 1.

£ ~

[ Bai todn 0.4. ] (Lim Olympic - D& Na&ng TST - P4)

Cho tam giac ABC nhon, khong can (AB < AC) noi tiép duong tron (O). Dyng hai dudng kinh
AA', BB' cia duong tron (O) va diém D sao cho A’C B’D 1a hinh binh hanh. Goi M la trung diém
ciia canh BC, E la giao diém ctia BD va AC, F 1a giao diém ctia CD va AB. Goi Hy, Hy lan lucgt
la tryc tam cta hai tam giac BEC va BFC.

\i/‘ Chiing minh hai tam gidc ABC va M HyHy ¢6 cung tryc tam.

’2 Duong thing BC cit hai duong thing A'D, HyHs lan ludt tai K,T. Goi S, G, I lan lugt 1a
giao diém clia cac cap duong thang (M Hy, KH,y), (KHa, M Hy) va (SG, HiHs). Goi X la
hinh chiéu vuéng géc ctia G léen ST. Chiing minh bén diém S, X, I va trung diém ctia doan
thang H; Hs cliing nim trén mot dudng tron.

@ L gidi.
1 Goi N, P lan lugt la trung diém CA, AB. Goi H la tryc tam AABC.
Ta dé thiy BH//B'D va BH = B'D nen BD//B'H.
= HN 1 CH; (do N la trung diém HB') ma HH; 1 CN.
= N la trye tam AHH,C nén H{N L CH = M, N, H, thing hang, tuong tu ta ciing c6 M, P, Hy
thing hang nén CH | MH; va BH 1 M H, nén H la tryc tam AM H, Ho.
(2) Ta ching minh t& giac MK HyH, noi tiép.
Do M la trung diém HA' va HH,//CA’ nén néu goi MN cit CA’ tai U thi ta c6 M la trung diém
H,U. Tuong tu ta goi MP cit BA' tai Z thi M la trung diém HoZ.
Goi L la hinh chiéu ctia A lén BC thi ta thiy K, L d6i xting qua BC do HLA'K 1a hinh binh hanh.
NU NC/cosUNC 1/2AC LN
PZ  PB/cosBPZ 1/2AB _ LP
= /LZM = ZLUM nén tit giac MLUZ noi tiép.
Nén MK HyH, noi tiép do phép doéi xitng tam M bién L thanh K, Z thanh Hy, U thanh H;.
Goi duong tron di qua 4 diém K, M, Hy, Hy 1a (O) va H' 1a trung diém HoH;.

Do (TIH\Hy) = —1 = TI-TH' = TH; - TH, theo hé thitc Maclaurin.

-

Ta co

,md ZLNM = ZLPM nén ALPZ ~ ALNU (c.g.c).

Theo tinh chat quen thudc clia tit gidc toan phan ta c6 hinh chiéu X ctia G trén ST la diém Miquel
ctia t gidc toan phan KMHyH;.ST = TX -TS = TK -TM = TH, - TH;, = TI - TH'.
= (SXI) di qua trung diém HoH;.

€3 CLB Toén Lim - OLYMPIC - @ 0789102019 Trang 3
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35 LIM EDU
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Trang 4

£ LIM Olympic - CLB 6n chuyén, HSG
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Chuong

CHON DTQG DA NANG 2026 — NGAY 2

[Tadi todn 0.5. } (Lim Olympic - D& N&ng TST - P5)

Cho dudng tron (O) cb dinh va diém I ¢6 dinh nim trong dudng tron dé (I khac O). Mot dudng
thang d thay d6i di qua I nhung khong qua O va cit (O) tai A, B sao cho I khong triing véi trung
diém H ctia doan thing AB. Céc tiép tuyén tai O ciia duong tron (OAH) va dudng tron (OBH)
cat dudng trung truc ctia doan thang OI lan lugt tai O; va Oy. Dudng tron (Or; 010) cat dudng
tron (OAH) tai C (khac O) va dudng tron (Oz;020) cét dudng tron (OBH) tai D (khac O).
Chiing minh ring dugng tron (OCD) di qua mot diém cé dinh khac O khi d thay déi nhung luon
di qua I.

@ Ldi giai.

Xét phép nghich dédo tam O phuong tich OA2%. Goi X’ 1a 4nh clia 1 diém X bat ki qua phép nghich déo.
Do H' 1a 4nh ctia H nén OH - OH' = OA? nén H' 1a giao diém 2 tiép tuyén tai A, B cia O va anh cia
(OAH) 1a AH', 4nh ciia (OBH) 1a BH'.

Ta thiy duong tron (Oq; 010) di qua tam nghich d4o va di qua I ¢6 tiép tuyén 12 OA nén anh ctia dudng
tron nay sé la duong thing di qua I’ song song véi OA. Vay anh €’ ctia C sé la giao diém ctia dudng
thang qua I’ song song OA v6i AH' nén I'C’ L AH'.

Tuong ti ta cling duge anh D’ ctia D 1a hinh chiéu ctia I’ trén BH'.

Goi T la trung diém II’ va V la hinh chiéu cta I’ tren AB. Tit cac ti giac noi tiép va OI - OI' = OB?
tac6 ZI'VD = ZI'BD' = ZOBTI' —90° = ZOIB —90° = 90° — ZT'IV = ZTI'V = £LTVI = D', T.V
thing hang. Tuong ty ta ¢6 C’, T,V thang hang nén C'D’ di qua T ¢6 dinh do I va I’ ¢6 dinh. Vay ta c6
(OCD) luén di qua anh cia T ¢b dinh 1a diém 77 ndm trén OI théa man OT” - OT = OA? c¢b dinh.

€3 CLB Todén Lim - OLYMPIC - @ 0789102019 Trang 5
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P

[ Bai todn 0.6. ] (Lim Olympic - Da Nang TST - Pé)
Goi A 1a tap hop gom 2026 s6 nguyén duong dau tién. Néu hoan vi (aq,as,. .., ase) clia cAc phan
ti thuoc A théa méan a; > a;4+1 véi i € {1,2,...,2025} thi a; duge goi la diém giam cua hoén vi
do.
I\J C6 bao nhiéu hoan vi (ay,as, ..., a2) clia cdc phan tit thuge A théa man dong thoi cac
7 diéu kién sau:
< (a1, az2,...,a202) ¢6 duy nhat mot diém giam la a; = 2026;
& Diém gidm a; chia hoan vi thanh hai phan ay,as, ... ,a;_1 V& @11, @12, ..., a2026, trong
d6 tap hop X = {a;y1,...,a2096} chita it nhat mot s6 chdn va it nhat mot s6 167
/2 C6 bao nhiéu hoan vi (ay, as, . . . , ase) clia cidc phan tif thuoc A c6 duy nhat mot diém giam?

(£ Lai giai.

(1)

(N)

Goi 7 1a vi tri ctia s6 2026.
Vi 2026 1a s6 16n nhat nén néu i < 2026 thi a; = 2026 > a;41, titc 2026 14 mot diém gidm.

Theo gia thiét day la diém gidm duy nhat, do d6 a1 < az < -+ < aj—1 < a; = 2026 va ajr1 <
aj42 < -+ < ag026. V1 thé, sau khi chon tap X = {ait+1,ai+2,...,a226} C {1,2,...,2025}, hoan
vi duge xéc dinh duy nhét: cdc phan tit cta {1,2,...,2025} \ X ding trude 2026 theo thi tu tang
dan, con cac phan tit cia X ding sau 2026 theo thit ty ting dan.

Trong {1,2,...,2025} ¢6 1012 s6 chén va 1013 s6 1é. Diéu kién ctia dé bai tuong duong véi viee X
chon it nhit mot s6 chin va it nhat mot s6 1&. S6 cach chon la (21912 — 1)(21913 _ 1),

Vay s6 hoan vi can tim 1a (21912 — 1)(21913 _ 1),

) Xét mot hoan vi ¢6 duy nhat mot diém gidm, & vi tri i.

Khi dé6 hai day a; < as < -+- < a; VA aj41 < Gjpo < -+ < agoe déu ting nghiém ngit.

Do d6, néu dat B = {ay,as,...,a;} thi hodn vi duge xac dinh duy nhat bdi tap B: viét cac phan
tlt cia B theo thit ty ting dan, sau d6 viét cdc phan tif ctia phan bu A\ B theo tht ty ting dan.

Tap B phai khéac rong va khac A, nén ban dau c6 e

— 2 cach chon.

Hoan vi thu dugce khong ¢6 diém giam khi va chi khi phan tit cudi ciia khéi thit nhat nhd hon phan
tit dau ctia khéi thit hai. Diéu nay xay ra khi va chi khi B = {1,2,...,7} v6i r € {1,2,...,2025}
nao do, va c¢6 2025 truong hop nhu vay.

Vi thé s6 hoén vi ¢6 ding mot diém giam la (22026 — 2) — 2025 = 22026 _ 2027,

Trang

6 £ LIM Olympic - CLB 6n chuyén, HSG
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Chuong 2. Chon DTQG Da Ning 2026 — Ngay 2 E}: ll\l l‘{Al‘)‘"U

{

( Baitoén 0.7. ) (Lim Olympic - D& Néng TST - P7)

\.

Cho ¢y, ¢3, ..., ¢ 1a cac s6 nguyén duong va P(z) la da thiic khac hing c6 hé s nguyén.

fl\ Chiing minh tap hop céac s6 nguyén t6 1a wdc clia it nhat mot gid tri clia da thic P(x) tai
cac s6 nguyeén la mot tap hop vo han.

f/g\ Chitng minh ton tai mot tap hop vo han S gom céc s6 nguyén td sao cho véi moi p thuoce S,
s6 ¢ +¢§ + -+ + ¢ + P(n) chia hét cho p v6i vo s6 s6 nguyén duong n.

@ Lai giai.

/1\1 Day chinh 1a dinh li Schur trong da thic, ta c6 thé chitng minh nhu sau:

Néu ton tai s6 nguyén u sao cho P(u) = 0 thi moi s6 nguyén t6 déu la wdc cta gia tri P(u), nén két
luan hién nhién. Xét truong hgp P(n) # 0 v6i moi n € Z.

Gia st phan chiing rang chi ¢6 hitu han sé nguyén té p1,p2,...,pr 1a uc clia cac gia tri P(n).
Chon mot s6 nguyén a va dat M = P(a) # 0. Ta c6 P(a+ Mz) — P(a) chia hét cho Mz trong Z[z],
nén ton tai R(z) € Z[z] sao cho P(a+ Mx) = M(1 + zR(z)).

Dat N = pipa---pr (néur =0 thi lay N = 1).

Vi P khac hing nén da thitc 1 + 2R(z) ciing khac hing. Do d6 c6 thé chon s6 nguyén duong ¢
dt 16n dé |1 + NtR(Nt)| > 1. S6 nguyén 1 + NtR(Nt) c6 mot udc nguyén t6 g. V6i mdi j ta c6
1+ NtR(Nt) =1 (mod p;), nén q ¢ {p1,...,pr}. Mét khéc, ¢ | 1+ NtR(Nt) suy raq | P(a+MNt),
trai véi gia thiét rang pi,...,p, 1a tit cd cac udc nguyen td ¢ thé xuit hien.

2) Xét da thic Q(z) = P(—2) + k € Z[z] khéc hing.

Dé ¥ ton tai vo s6 sb nguyén t6 p sao cho ton tai m € Z théa man p | Q(m) = P(—m) + k.

Diat C = cyca - - - ¢. Chi ¢6 hitu han s6 nguyén tb 1a wée ctia C, do d6 ton tai tap vo han S C P sao
cho v6i mdi p € S, ton tai m € Z thod man p | P(—m)+ k vapte; véimoi j = 1,2,..., k.

Cé dinh p € S. Dé ¥ néu P(—m) + k=0 (mod p) thi v6i my = m (mod p) ta van c6
P(—mp)+k=0 (mod p)

V6i mdi s6 tu nhién ¢, dat ny = (mo + tp)(p — 1). Khi d6 ny 1a céc s6 nguyén duong doi mot khac
nhau. Do p { ¢;, theo dinh If Fermat nhd, ta ¢6 ¢* =1 (mod p) v6i moi j.

Dong thai ny = —myg (mod p), nén P(n;) = P(—myp) (mod p). Suy ra
ot +eyt +eet e + P(g) =k +P(—mg) =0 (mod p).

Vi ¢6 vo han gia tri ¢, véi mdi p € S ¢6 vo s6 s6 nguyén duong n théa man yéu cau.

€3 CLB Toén Lim - OLYMPIC - @ 0789102019 Trang 7
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